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Abstrat
A modied version of the Ozer and Taha nonsingular osmologial model
is presented on the assumption that the universe's radius is omplex if it
is regarded as empty, but it ontains matter when the radius is real. It
also predits the values: ΩM = ρM/ρC ≈ 4/3, ΩV = ρV /ρC ≈ 2/3, and
Ω
−
= ρ
−
/ρC ≪ 1 in the present nonrelativisti era, where ρM = matter
density, ρV= vauum density, ρ−= negative energy density and ρC = ritial
density.
PACS 98:80
2Inationary models of the universe [1℄ make use of a salar eld to ahieve
an exponential expansion or ination at the very early stages of the origin
of the universe and resolve many of the problems of the standard big bang
model [2℄. Reently, it was argued [3, 4℄ that ination is the unique meha-
nism apable of solving the horizon and atness problems and the problem
of the generation of density perturbations onsistent with COBE observa-
tions. Their arguments are only to show that ertain features generi to
all inationary models, viz., an aelerating sale fator R(t) (whih is re-
ferred to as superluminal expansion) and entropy prodution are essential
ingradients in the solution of osmologial problems. Hu, Turner and Wein-
berg [3℄ have shown that ination or something very similar, haraterised
by these two features, may be the only dynamial solution to the horizon
and atness problems. Liddle [4℄ has made use of arguments whih depend
only on the behaviour of sale fator to indiate that the ondition R¨(t) > 0
during the early phase of the universe is neessary for generating the orret
density perturbations, though this ondition is valid only in the ontext of
an inationary explanation of struture formation. It is interesting to note
that Hu et. al. or Liddle do not warrant the existene of a salar eld or
an exponential expansion, but only an aelerating sale fator along with
entropy prodution. Lidddle preludes even the `oasting evolution' R(t) ∝ t
as viable.
However, most inationary models leave ertain problems of the big bang
model unsolved. These inlude the singularity problem, osmologial on-
stant problem et. The large sale reation of matter at the instant of big
bang, violating the onservation of energy - one of the most herished prin-
iples of physis - is referred to as the singularity problem [5℄. Similarly
the smallness of the present vauum energy density ompared to any fun-
damental sale in physis is not explained in the inationary models also
and is known as the osmologial onstant problem [6℄. In addition, there
are several ompeting models in inationary osmology whih dier in the
hoie of salar eld potential and initial onditions whih themselves use
physis untested in the laboratory and remain largely speulatory and phe-
nomenologial. Hene it is desirable to look for models of the early universe
with an aelerating sale fator and energy prodution where the above
osmologial problems do not appear. One suh approah was that of Ozer
and Taha [7℄ who tried to solve these problems at the level of lassial gen-
eral relativity, without resorting to any salar eld or exponential expansion.
Vauum energy plays a ruial role in this model as a osmologial onstant
varying as R−2. Suh time varying osmologial onstant models have been
investigated by many authors [8℄. From some very general onsiderations in
3line with quantum osmology, Chen and Wu [8℄ have argued in favour of an
R−2-dependene of an eetive osmologial onstant. By using the Landau-
Lifshitz theory for non-equilibrium utuations, Pavon [8℄ has found that the
Ozer-Taha model and the model of Chen and Wu suessfully pass their test
of thermodynami orretness. The former model solves the main osmolog-
ial problems, but in turn, does not explain the observed near equality of
matter density ρM of the present universe to the ritial density ρC (whih
is referred to as the atness problem). Instead, this equality is the ansatz
they have employed.
In this letter, by postulating the existene of an empty spae-time with
a omplex sale fator, we show that the Ozer and Taha model is obtainable
from rst priniples at a more fundamental level. Their model appears to
be a speial ase of the present one. In this approah, we nd that ΩM =
ρM/ρC = 1 in the relativisti era, but in the present non-relativisti era, the
same quantity is predited to have a value very nearly equal to 4/3. The
evolution of the sale fator of observed universe is found to be in the same
manner as treated in Ref. [7℄ to allow for the solution of other osmologial
problems and the vauum energy varies as R−2 as presribed by Chen and
Wu. While Abdel-Rahman [8℄ has sought to generalize the Ozer-Taha model
by using the Chen-Wu presription under the impression that the ritial
density assumption of the former is hard to justify, our model derives both.
To start with we note that the Ozer-Taha model an be rederived by
assuming that the universe is lled with a total energy density ρ˜ and total
pressure p˜, both of whih vary with the sale fator
R(t) = Roe
α(t), α(0) = 0 (1)
as
ρ˜ =
3
8piG
[
2
R2
−
R20
R4
]
(2)
p˜ = −
1
8piG
[
2
R2
+
R20
R4
]
(3)
with R = R(t). Let us also assume that the spae is losed. This means
k = +1 (4)
in the Friedman-Robertson-Walker metri. Then the Einstein equations give
4R¨
R
= −
4piG
3
(ρ˜+ 3p˜) =
R20
R4
, (5)
[
R˙
R
]2
+
1
R2
=
8piG
3
ρ˜ =
2
R2
−
R20
R4
(6)
where overdots denote time-derivatives. Solving one gets,
R2(t) = R20 + t
2
(7)
whih is the result obtained in Ref. [7℄. Furthermore, we assume that ρ˜ =
ρM + ρV , p˜ = pM + pV where ρM and ρV are matter density and vauum
energy density respetively and pM and pV are the orresponding pressures.
The equations of state are also assumed to have the form pM = w ρM ,
pV = −ρV . Here, w = 1/3 for a universe dominated by relativisti matter
and w = 0 when it is dominated by nonrelativisti matter. Unsing these
Eqs. (2) and (3) give
ρM =
4
8piG(1 + w)
[
1
R2
−
R2o
R4
]
(8)
ρV =
1
8piG(1 + w)
[
2(1 + 3w)
R2
+
R20(1− 3w)
R4
]
(9)
Eq. (6) may be used to obtain the ritial density as
ρC ≡
3
8piG
α˙2 =
3
8piG
[
1
R2
−
R20
R4
]
. (10)
Then the ratio of matter density to ritial density in the relativisti and
nonrelativisti eras an be omputed as
ΩM,rel. ≡
ρM,rel.
ρC
= 1 (11)
ΩM,n.rel. ≡
ρM,n.rel.
ρC
=
4
3
(12)
respetively. Note that (11) is the ansatz in Ref. [7℄. Similarly we get
ρV.rel =
3
8piG
1
R2 as in Ref. [7℄. But the results obtained for the non-relativisti
era are outside the sope of that model.
5Now having rederived the Ozer and Taha model, we show that the as-
sumptions (2), (3) and (4) are obtainable from rst priniples at a more
fundamental level. To this end, we start with the FRW metri
ds2 = dt2 −R2(t)
[
dr2
1− kr2
+ r2dθ2 + r2 sin2 θdφ2
]
(13)
If we make a substitution R(t) → Rˆ(t) = R(t)eiβ in this metri the spae-
time has Lorentzian signature (+ - - -) when β = ±npi, (n = 0, 1, 2, ..) and its
signature is Eulidean(++++) when β = ±(2n+1)pi/2, (n = 0, 1, 2, ..). Suh
omplex substitutions are not unnatural in relativity. For example, omplex
substitutions relating open and losed isotropi models, de Sitter and anti-de
Sitter spaetimes, Kerr and Shwarzhild metris et. are well known [9℄. In
our ase, let |Rˆ(t)| = R(t) be in the form Roe
α(t)
so that Rˆ(t) = R0e
α(t)+iβ
.
Interesting physis appears if we assume that the time-dependene of the
sale fator is shared by β also; i.e., β = β(t), an assumption onsistent with
the homogeneity and isotropy senario [11℄. Our ansatz is to replae R(t) in
the FRW metri with
Rˆ(t) = R(t)eZ(t) ≡ R0e
α(t)+iβ(t) = R(t)eiβ(t) (14)
Further, we assume that this spaetime isempty with a zero energy-momentum
tensor. Then the evolution of Rˆ(t) is ditated by the Einstein-Hilbert ation
priniple, where the ation is [2℄
S =
−1
16piG
∫
d4x(−g)1/2R (15)
Here R is the Rii salar [2℄
R =
6
N2

 ˙ˆR
Rˆ


2
−
6
Rˆ2
(16)
N is the lapse funtion. The Euler-Lagrange equation obtained by minimiz-
ing the ation with respet to variations of N and Z may be rearranged to
get
Z¨ + Z˙2 =
¨ˆ
R
Rˆ
= 0 (17)
Z˙2 +
k
R20e
2Z
=
[
R˙
R
]2
+
k
R2
= 0 (18)
6where the gauge N = 1 is employed. These equations are written for an
empty universe with omplex sale fator Rˆ and imply
¨ˆ
R = 0 and
˙ˆ
R
2
+k = 0
respetively. With Rˆ(t) = x(t)+ iy(t), x, y real, if we hoose x˙(0) = 0, these
give y˙2 = k, whih implies k = +1 (where we rule out the stati solution
x˙ = 0, y˙ = 0). At t = 0, if x = x0 and y = y0,
Rˆ(t) = x0 + i (y0 ± t) (19)
Using (14),
R(t) = [x20 + (y0 ± t)
2]1/2 (20)
and
β(t) = tan−1(
y0 ± t
x0
) (21)
Note that (21) gives
β˙(t) =
±x0
R2(t)
=
±cos2β
x0
(22)
If we hoose the origin of time suh that y = 0 at t = 0, then y0 = 0.
Relabelling x0 = R0, (20) gives the solution (7). Now using (20)-(22) and
α = log
[
R(t)
R0
]
in the real parts (17) and (18) give (5) and (6). Assumptions
(2) and (3) naturally follow. Thus the omplex quantity Rˆ is the sale
fator of an empty expanding spae, whih we all a hidden universe whereas
R(t) =| Rˆ(t) | is the sale fator of a losed, expanding spae with total
energy density ρ˜. As shown in Ref. [7℄, the latter is an aeptable model of
the observed universe. If we had hosen y˙ = 0, x˙2 = −1 in the solution of
(17) and (18), eventhough we get k = −1 for the hidden universe, solution
(7) and Eqs. (5) and (6) may be regained by a similar proedure, so that
the observed universe with total energy density ρ˜ is again losed, whih is
assumption (4).
However, we note that the preditions (8) and (9) are not the most
natural ones. Eq. (8) gives ρM = 0 at t = 0. Simialrly from Eq. (9),
we see that ρV has an R
−4
dependene in the nonrelativisti era. Chen
and Wu [8℄ have argued in favour of an R−2 behaviour for ρV on the basis of
some dimensional onsiderations in line with quantum osmology. In order to
avoid these less probable results mentioned above, we suggest an alternative
ansatz,
7ρ˜ = ρM + ρV + ρ_, p˜ = pM + pV + p_
pM = w ρM , pV = −ρV , p_ =
1
3
ρ_ (23)
and
ρ_ = −
3
8piG
R2o
R4
,
where ρ
−
and p
−
are the energy density and pressure respetively, whih
are appropriate for negative energy relativisti partiles. Negative energy
densities in the universe were postulated earlier [5℄. Solving (2) and (3) with
(23), we get, instead of (8) and (9),
ρM =
4
8piG(1 + w)
1
R2
(24)
ρV =
2(1 + 3w)
8piG(1 + w)
1
R2
(25)
This avoids the afore-mentioned impasse. Thus our preditions for R(t) ≫
R0 are ΩM,rel. ≈ 1, ΩV,rel. ≈ 1, ΩM,n.rel. ≈ 4/3, ΩV,n.rel. ≈
2/3 and Ω_ ≡ ρ_/ρC ≪ 1. It is easy to see that the onservation law for
total energy is obeyed, irrespetive of either of the ansatze regarding the
detailed struture of ρ˜ and p˜.
The solution of osmologial problems as given in [7℄ an be performed
in this model also if we assoiate thermal radiation at temperature T with
energy densities ρM and ρ_ as
ρM + ρ_ =
1
30
pi2N(T )T 4 (26)
where N(T ) is the eetive number of spin degrees of freedom at temperature
T and the units are suh that h¯ = c = kB = 1. In addition, the present
model explains the near equality of matter density and ritial density in a
natural way.
Sine the expansion proess is reversible and the basi equations are
time-reversal invariant, we an extrapolate to t < 0 to obtain an earlier
ontrating phase for the universe. Suh an earlier phase was proposed by
Lifshitz and Khalatnikov [10℄. If there was suh an initial phase, ausality
ould have established itself muh earlier than the time predited in [7℄.
8The new model predits reation of matter at present with a rate of
reation per unit volume given by
1
R3
d(R3ρM )
dt
|P = ρM,P α˙P (27)
where ρM,P is the present matter density and α˙P is the present value of
Hubble's onstant. In arriving at this result, we have made use of the as-
sumption that the present universe is dominated by nonrelativisti matter.
The required rate of reation is only one-third of that in the steady state
osmology [11℄. Suh a possibility of reation of matter annot be ruled out
at the present level of observation.
To summarize, we note that we have a model for the universe free from all
osmologial problems. We started with the assumption that the universe's
radius is Rˆ, a omplex quantity and that it ontains no energy density. But
when we regard the radius to be | Rˆ |, a real quantity, then the universe
appears to be non-empty. We all the former a hidden universe whereas
the latter is seen to be an aeptable model of the observed universe. The
energy density of the observed universe is omposed of matter density, va-
uum energy density, and negative energy density. The minimum radius R0
is not xed by the theory. The various preditions of the model are made
under the assumption that R0 ≪ tP , the present age of the universe. These
preditions are well within the range of observed values, exept for the value
of ΩM . A possible existene of dark matter in the universe may explain this
disrepany. In partiular, using (7), the model orretly predits the value
of the ombination ( R˙R)P tP = α˙P tP ≈ 1, veried in all reent observations
[12℄. To be more preise, this value lies in the range
0.85 < α˙P tP < 1.91
as quoted by Lima and Trodden [8℄ on the basis of the above observations
and plaes the present approah in a more advantageous position than the
standard at FRW and inationary models where this value is only 2/3.
(This is referred to as the age problem in these models.) The new quantity
β(t) is viewed as a phase fator. The model is still in the realm of lassial
general relativity and solves all the osmologial problems without a salar
eld.
We thank the referee for valuable omments and for suggesting useful
referenes.
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